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Abstract
Shibakov proved in 1998 that every sequential topological group with a point-countable k-network
is metrizable if its sequential order is less than ω1. In this paper, we study further topological
properties of sequential topological groups with a point-countable k-network. We introduce the
notion of a cs-cover, and show that: If G is a sequential topological group with a point-countable
cs-cover F such that any product of finitely many elements of F is Lindelöf, then G has an open
subgroup which is the union of countably many elements of F . In addition, we show that every
topological group with a σ -hereditarily closure-preserving k-network is an ℵ-space.  2002 Elsevier
Science B.V. All rights reserved.
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1. Introduction and preliminaries
Nyikos asked in [13] if the sequential order of a sequential topological group is equal to
ω1 if the group is not Fréchet. Relating this problem, Shibakov proved in [16, Theorem 2.4]
that every sequential topological group with a point-countable k-network is metrizable if
its sequential order is less than ω1.
In this paper, we study further topological properties of sequential topological groups
with a point-countable k-network. We introduce the notion of a cs-cover, and show that:
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If G is a sequential topological group with a point-countable cs-cover F such that any
product of finitely many elements of F is Lindelöf, then G has an open subgroup which is
the union of countably many elements of F . As one of applications, we see that if G is a k-
space with a star-countable k-network, then G has an open subgroup which is an ℵ0-space.
In addition we note that every topological group with a σ -hereditarily closure-preserving
k-network is an ℵ-space.
Let us recall some definitions which will be used in this paper.
A family {Aα: α ∈ I } of subsets of a space X is hereditarily closure-preserving (simply,
HCP) if ⋃{clBα : α ∈ J } = cl(⋃{Bα: α ∈ J }), whenever J ⊂ I and Bα ⊂ Aα for each
α ∈ J . LetP be a cover of a spaceX. ThenP is a k-network forX if wheneverK ⊂U with
K compact and U open in X, K ⊂⋃P ′ ⊂U for some finite P ′ ⊂P . Foged proved in [1,
Theorem 1] that a space X is the closed image of a metric space iff X is a Fréchet space
with a σ -HCP k-network. Recall that a space is an ℵ-space [14] (respectively ℵ0-space
[11]) if it has a σ -locally finite k-network (respectively countable k-network). Michael
proved in [11, Corollary 11.5] that a space X is the quotient image of a separable metric
space iff X is a k-and-ℵ0-space. It is also shown in [2] that a space X is the closed s-image
of a metric space iff X is a Fréchet ℵ-space. When a k-network P is a closed cover, then
P is called a closed k-network.
According to [4], a space X is determined by a cover C if F ⊂ X is closed in X iff
F ∩C is closed in C for every C ∈ C . We use “X is determined by C” instead of the usual
“X has the weak topology with respect to C”. Obviously every space X is determined by
any open cover, or any HCP closed cover of X.
Finally, let us recall the canonical quotient space Sω1 . The space Sω1 is the space
obtained from the topological sum of ω1 convergent sequences by identifying all the limit
points to a single point. It is easy to check that Sω1 is a non-ℵ-space with a σ -HCP k-
network. Indeed, Sω1 does not have any point-countable closed k-network, for example
see [17]. Throughout the paper, we put Sω1 = {∞} ∪ {smα : m ∈ ω, α < ω1}, where
{smα : m ∈ ω} is the αth sequence converging to ∞.
We assume that all spaces are regular and T1, and maps are continuous and onto. The
unit element of a topological group is always denoted by the character e.
2. Topological groups with a certain point-countable cover
Let us consider topological groups with a certain point-countable cover.
We need to prove some lemmas. The following lemma was pointed out by K. Tamano,
and shortens the proof of Lemma 2.4.
Lemma 2.1. If a topological group G contains a subspace S homeomorphic to Sω1 , then
there is a subspace H of S homeomorphic to Sω1 such that hh′ = e for any distinct
h,h′ ∈H .
Proof. Put Sω1 = {e} ∪ {smα : m ∈ ω, α < ω1} ⊂G. For each α < ω1, choose an infinite
Aα ⊂ ω such that for distinct h,h′ ∈ {smα : m ∈Aα}, hh′ = e. Let I be a countable subset
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of ω1. Since {smα : m ∈ Aα, α ∈ I } is countable, we can take γ > sup I such that
{smγ : m ∈Aγ } ∩ {s−1mα : α ∈ I, m ∈Aα} = ∅. So, by induction, there exists an uncountable
subset J of ω1 such that for distinct α, β ∈ J, e /∈ {smαsnβ : m ∈Aα, n ∈Aβ}. The space
H = {e} ∪ {smα : m ∈Aα, α ∈ J } is a desired one. ✷
A space X has countable tightness (= t (X) ω) if whenever x ∈ clA and A⊂X, then
x ∈ clB for some countable B ⊂A. Every sequential space has countable tightness.
Lemma 2.2. Let t (X)  ω. If X contains a copy of Sω1 , then X contains a closed copy
of Sω1 .
Proof. The proof is similar to the proof of the parenthetic part of Corollary 3.9 in [12], but
we shall give the proof for the convenience of readers. If A and B are sets, then we denote
by BA the set of all functions from A to B .
Let Sω1 = {∞} ∪ {smα : m ∈ ω, α < ω1} ⊂ X. For any f ∈ ωω1 , let S(f ) = {∞} ∪
{smα : α < ω1, m  f (α)} ⊂ Sω1 . And, for γ < ω1 and g ∈ ωγ , let R(g) = {smα : α <
γ, m< g(α)}. Note that R(g) is closed in Sω1 .
We assume that for any f ∈ ωω1 , S(f ) is not closed in X. The following claim holds.
Claim: ∞∈ cl(⋃{clR(g)−R(g): γ < ω1, g ∈ ωγ }).
To show this, let U be any neighborhood of ∞ in X, and let ∞ ∈ V ⊂ clV ⊂ U
with V open in X. Then there exists f ∈ ωω1 such that S(f ) ⊂ V . Since S(f ) is not
closed in X, there exists x ∈ clS(f )− Sω1 . Since t (X) ω, there exists γ < ω1 such that
x ∈ cl{smα : α < γ, m f (α)}. Let ∞∈W ⊂ V with W open in X, and x /∈ clW . Then
there exists g ∈ ωω1 such that S(g) ⊂W and g > f . Since x /∈ clS(g), x ∈ clR(g | γ ).
Thus U ∩ (clR(g | γ )−R(g | γ )) = ∅.
Since t (X)  ω, by Claim, there exist xi ∈ clR(gi) − R(gi), gi ∈ ωγi such that
∞ ∈ cl{xi : i ∈ ω}. Let γ = sup{γi : i ∈ ω}. Let hi ∈ ωγ with hi |γi = gi . Obviously
xi ∈ clR(hi)− R(hi). While, there exists h ∈ ωγ such that hi ∗ h for any i ∈ ω, where
hi ∗ h means hi(α) h(α) for all but finitely many α < γ . Since each R(hi)−R(h) is
finite, xi ∈ clR(h)− R(h). Hence ∞∈ clR(h). This is a contradiction. Thus there exists
f ∈ ωω1 such that S(f ) is closed in X. ✷
Lemma 2.3. Let G be a topological group with a point-countable cover P of Lindelöf
subsets. Assume thatG contains a closed copy of Sω1 = {∞}∪{smα: m ∈ ω, α < ω1} ⊂G.
For I ⊂ ω1, let S(I)= {∞} ∪ {smα : m ∈ ω, α ∈ I }, and let L(I)=⋃{g−1 · P : g ∈ S(I),
P ∈P , P ∩ (S(I) · S(I)) = ∅}. Then there exists an uncountable subset I of ω1 such that
for each α ∈ I , {smα : m ∈ ω} ∩L(I ∩ α)= ∅.
Proof. For each countable subset J of ω1, L(J ) is Lindelöf, for P is a point-countable
cover of Lindelöf subsets. Since Sω1 is closed in G, there exists α > supJ such that
{smα : m ∈ ω} ∩ L(J ) = ∅. By induction, we can choose a desired uncountable subset I
of ω1. ✷
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Let us say that a coverP of a space X is a cs-cover of X if for every infinite convergent
sequence C in X, some P ∈ P contains at least two points of C. We note that Sω1 has a
point-countable cs-cover of two-point sets. It is not difficult to see that the space ω1 does
not have any point-countable cs-cover. Every k-network is, of course, a cs-cover. Moreover
if a space is determined by a cover P , then P is also a cs-cover.
Lemma 2.4. If G is a sequential topological group with a point-countable cs-cover of
Lindelöf subsets, then G contains no copy of Sω1 .
Proof. Let P be a point-countable cs-cover of Lindelöf subsets. Assume that G contains
a copy of Sω1 . Put Sω1 = {e} ∪ {smα : m ∈ ω, α < ω1} ⊂G. By Lemmas 2.1 and 2.2, we
can assume that Sω1 satisfies the following (1) and (2).
(1) For distinct g,g′ ∈ Sω1 , gg′ = e.
(2) Sω1 is closed in G.
Moreover, by Lemma 2.3, we can assume the following for the coverP . Recall the notation
in Lemma 2.3.
(3) For each α < ω1, {smα : m ∈ ω} ∩L(α)= ∅.
For ω  α < ω1, let fα :α→ ω be a bijection. Let Hα = {(smβ, sfα(β)α): β < α, m 
fα(β)} ⊂ G × G, and let H = ⋃{Hα: α < ω1}. The construction of H in Sω1 × Sω1
is due to [3, Lemma 5]. Let ϕ :G × G → G be the group-operation of G. Then e ∈
clϕ(H)− ϕ(H) by the fact (e, e) ∈ clH due to [3, Lemma 5] and the condition (1).
Claim 1: For any α < ω1, ϕ(Hα) is closed and discrete in G.
Since G is sequential, it suffices to show that for every infinite sequenceC = {xn: n ∈ ω}
converging to a point x , ϕ(Hα)∩C is finite. Assume the contrary and let
xj = smj βj · sfα(βj )α ∈ ϕ(Hα), where βj < α, mj  fα(βj ).
Since C is infinite, we can assume that the βj are distinct from each other. Then sfα(βj )α →
e (j →∞). Thus smjβj = xj · s−1fα(βj )α → x (j →∞). Then x ∈ Sω1 by the condition (2).
This is a contradiction, because {smjβj : j ∈ ω} is closed and discrete in Sω1 .
Claim 2: ϕ(H) is closed and discrete in G.
To show this, assume that ϕ(H) is not closed discrete in G. Since G is sequential, there
exists a sequence {xj : j ∈ ω} ⊂ ϕ(H) converging to a point x , where the xj are distinct.
For each j , let xj ∈ ϕ(Hαj ), αj < ω1. Then, by Claim 1, we can assume that the αj are
distinct from each other. Let
xj = smj βj · sfαj (βj )αj , where βj < αj , mj  fαj (βj ).
Since P is a cs-cover of G, there exists P ∈ P such that P contains two points xi and
xj , where we assume αi < αj . Here, xi ∈ P and xj = smjβj · sfαj (βj )αj ∈ P . Hence
sfαj (βj )αj
∈ s−1mjβj ·P . We note that βi,βj ,αi < αj . Since xi ∈ P , P ∩ (S(αj ) ·S(αj )) = ∅.
Also, smj βj ∈ S(αj ). Therefore, by the condition (3), sfαj (βj )αj /∈ s−1mjβj · P . This is a
contradiction.
Consequently, by Claim 2, e /∈ clϕ(H). This is a contradiction. That completes the
proof. ✷
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If the square of a sequential topological group was sequential, then Lemma 2.4 would be
trivial. Because the square of Sω1 is not sequential [3, Lemma 5]. But Malykhin proved in
[9,10] that in a model of set theory there exists a Fréchet topological group whose square
has uncountable tightness (hence not sequential).
Corollary 2.5. Let G be a sequential topological group. Then G contains no copy of Sω1
if the following (a) or (b) holds:
(a) G has a point-countable k-network of Lindelöf subsets.
(b) G is determined by a point-countable cover of Lindelöf subsets.
Let A⊂ B ⊂X. Recall that B is a sequential neighborhood of A in X if any sequence
converging to a point in A is eventually in B .
Theorem 2.6. Let G be a sequential topological group with a point-countable cs-cover
F . If any product of finitely many elements of F is Lindelöf, then G has an open subgroup
H which is the union of countably many elements of F . In particular, G is topologically
homeomorphic to H ×D, where D is the discrete space with |D| = |G/H |.
Proof. We will show the following claims in order.
Claim 1: For each g ∈G, there exists a countable subfamily Fg of F such that ⋃Fg is
a sequential neighborhood of g.
Suppose that Claim 1 does not hold for some g ∈ G. Let F0 = {F ∈ F : g ∈ F } and
let F0 =⋃F0. Then there exists a sequence L0 in G− F0 converging to the point g. Let
F1 = {F ∈ F : F ∩L0 = ∅} ∪ F0, and let F1 =⋃F1. Then there exists a sequence L1 in
G−F1 converging to the point g. Let F2 = {F ∈F : F ∩L1 = ∅}∪F1, and let F2 =⋃F2.
Inductively, we get a collection {Fα: α < ω1} of countable subfamilies of F , and a disjoint
collection {Lα: α < ω1} of convergent sequences with the limit point g. Note that every
element of F meets at most one sequence Lα . Since G is sequential and F is a cs-cover,
the following property (∗) holds.
For every finite subset Dα of Lα,
⋃{Dα : α < ω1} is closed and discrete in G. (∗)
Let S =⋃{Lα : α < ω1} ∪ {g}. By the property (∗), it is easy to check that S is a closed
copy of Sω1 . This is a contradiction to Lemma 2.4.
Claim 2: For each F ∈ F , there exists a countable subfamily FF of F such that ⋃FF
is a sequential neighborhood of F .
Suppose that Claim 2 does not hold for some element F ∈ F . Then, similarly, we can
get a subset {xα: α < ω1} of F , and a disjoint collection {Lα : α < ω1} of sequences
in G such that Lα ⊂ G − F , Lα converges to xα and for every finite subset Dα of Lα ,⋃{Dα: α < ω1} is closed discrete in G. We can assume that the limit points xα are
distinct from each other by Claim 1. By using Claim 1 again, there exists a countable
subfamily Fe of F such that
⋃
Fe is a sequential neighborhood of e. For each α < ω1, let
Lα = {xαn: n ∈ ω}. Then x−1α xαn → e, so there exists nα ∈ ω such that x−1α xαnα ∈
⋃
Fe .
Let A = {(xα, x−1α xαnα ): α < ω1}. Then A ⊂ F × (
⋃
Fe) ⊂ G×G, and F × (⋃Fe) is
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Lindelöf by the assumption on F . Since every continuous image of a Lindelöf space is
Lindelöf, F · (⋃Fe) is also Lindelöf. But F · (⋃Fe) contains the closed discrete subset
{xαnα : α < ω1} in G. This is a contradiction. Hence Claim 2 holds.
Claim 3: For every Lindelöf subset L of G, there exists a countable subfamily FL of F
such that
⋃
FL is an open neighborhood of L.
For each g ∈ L, by Claims 1 and 2, we can choose a sequence {Fn(g): n ∈ ω} of
countable subfamilies of F such that
⋃
F0(g) is a sequential neighborhood of g and⋃
Fn+1(g) is a sequential neighborhood of
⋃
Fn(g). Since G is sequential,
⋃
n∈ωFn(g)
is open in G. Lindelöf property of L concludes with the claim.
Now we construct an open subgroup H in our theorem. For a subset S of G, we denote
by 〈S〉 the subgroup generated by S. Note that for every countable F ′ ⊂ F , 〈⋃F ′〉 is
Lindelöf by the assumption on F . By Claim 3, we can choose a sequence {Fn: n ∈ ω} of
countable subfamilies of F such that
⋃
F0 is an open neighborhood of e and
⋃
Fn+1 is an
open neighborhood of 〈⋃Fn〉. The subgroup H =⋃n∈ωFn =
⋃
n∈ω〈
⋃
Fn〉 is a desired
one.
Since H is an open subgroup, it is closed in G. Hence G is topologically homeomorphic
to H ×D, where D is the discrete space with |D| = |G/H |. ✷
The above theorem is applicable to many cases.
A space is said to be cosmic [11] if it has a countable network, where a cover P of
a space X is said to be a network if whenever x ∈ U with U open in X, there exists
P ∈ P with x ∈ P ⊂ U . Note that every cosmic space is hereditarily both separable and
Lindelöf, and the product of countably many cosmic spaces is cosmic. Michael noted in
[11, Proposition 10.2] that a space is cosmic iff it is a continuous image of a separable
metric space.
Corollary 2.7. Let G be a topological group. If G is a k-space with a point-countable k-
network of cosmic (respectively σ -compact) subsets, then G has an open subgroup which
is cosmic (respectively σ -compact).
Proof. Since G is a k-space with a point-countable k-network, G is sequential by [4,
Corollary 3.4]. Since a k-network is a cs-cover, we obtain the conclusion by Theo-
rem 2.6. ✷
Corollary 2.8. Let G be a topological group. If G is a sequential space determined by
a point-countable cover of cosmic (respectively σ -compact) subsets, then G has an open
subgroup which is cosmic (respectively σ -compact).
Proof. Recall that a cover determining G is a cs-cover, and apply Theorem 2.6. ✷
A collection P of subsets of a space X is said to be star-countable if every element of
P intersects at most countably many elements of P . Obviously a star-countable collection
is point-countable. For k-spaces with a star-countable k-network, refer to [5,7,8,15].
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Corollary 2.9. Let G be a topological group. If G is a k-space with a star-countable
k-network, then G has an open subgroup which is an ℵ0-space.
Proof. Note that every element of a star-countable k-network is an ℵ0-space, in particular
a cosmic space. By Corollary 2.7, G has an open subgroup H which is cosmic. Since
H is a separable k-space with a star-countable k-network, it is an ℵ0-space by [15,
Corollary 2.5]. ✷
Every quotient finite-to-one image of a locally compact, metric space need not be meta-
Lindelöf; see [4, Example 9.3]. But we have the following among topological groups.
A map f :X→ Y is said to be a s-map if each fiber f−1(y) is separable.
Proposition 2.10. Let f :X→G be a quotient s-map such that X is a locally separable,
metric space. If G is a topological group, then G has an open subgroup which is cosmic.
In particular, G is paracompact.
Proof. Obviously X is determined by a locally finite coverC of cosmic subsets. Since f is
a quotient s-map,G is a sequential space determined by a point-countable coverF = f (C)
of cosmic subsets of G. Thus the result holds by Corollary 2.8. ✷
Similarly, we have the following result by Corollary 2.8 since G is determined by a
point-countable cover of compact subsets.
Proposition 2.11. Let f :X→G be a quotient s-map such that X is a locally compact,
paracompact space. If G is a sequential topological group, then G has an open subgroup
which is σ -compact. In particular, G is paracompact.
3. Topological groups with a σ -HCP k-network
In this section, we show that every topological group with a σ -hereditarily closure-
preserving k-network is an ℵ-space.
The following theorem is due to Junnila and Ziqiu [6, Theorem 2.6].
Theorem 3.1. Let X be a space with a σ -HCP k-network. Then X is an ℵ-space iff X
contains no closed copy of Sω1 .
Theorem 3.2. If G is a topological group with a σ -HCP k-network, then G is an ℵ-space.
Proof. Suppose that G is not an ℵ-space. Then, by Theorem 3.1, G contains a closed copy
of Sω1 . Let Sω1 = {e} ∪ {hn: n ∈ ω} ∪ {smα : α < ω1, m ∈ ω}, where {hn: n ∈ ω} and
{smα : m ∈ ω} converge to the unit element e of G. We take open subsets Un of G such
that each Un contains the point hn, clUn ∩ clUm = ∅ (n = m) and clUn ∩ Sω1 = {hn}.
For each n ∈ ω, hnsmα → hn (m → ∞), hence there exists fn :ω1 → ω such that
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{hn} ∪ {hnsmα : α < ω1, m fn(α)} ⊂ Un. We can assume that fn(α) > fm(α) if n > m.
For each α < ω1, let
Cα = {e} ∪ {hn: n ∈ ω} ∪
{
hnsmα : n ∈ ω, m fn(α)
}
.
Note that hj smj α → e (j →∞), where mj  fj (α). Since each sequence in Cα has an
accumulation point in it, Cα is countably compact. Hence each Cα is compact, for it is
countable.
Let F be a σ -HCP k-network for G. We can assume that every element of F is closed
in G, because G is regular and if C is a HCP family, then so is {clC: C ∈ C}.
Claim 1: There exists F0 ∈F such that F0 contains infinitely many hn, and F0 contains
a point k0 in C0 − ({e} ∪ {hn: n ∈ ω}).
Indeed, since F is a k-network for G, the compact set C0 is contained in the union
of finitely many elements F0,F1, . . . ,Fk in F . Then some Fj is a desired one, for F is
closed.
Let γ < ω1, and assume that for each α < γ , there exists Fα ∈ F such that Fα
contains infinitely many hn, and Fα contains a point kα in Cα − ({e} ∪ {hn: n ∈ ω}). Let
A= {kα: α < γ }, where let kα = hnα smαα (mα  fnα (α)).
Claim 2: e /∈ clA.
Indeed, suppose that e ∈ clA. Let B = {(h−1nα , hnα smαα): α < γ } ⊂G×G. Let V be any
neighborhood of e with V = V −1. Since e ∈ clA and hnα smαα ∈Unα , {nα : hnα smαα ∈ V } is
infinite. While h−1n → e. Therefore there exists α < γ such that (h−1nα , hnα smαα) ∈ V × V .
Hence (e, e) ∈ clB . This implies e ∈ cl {smαα : α < γ } by the continuity of the group-
operation of G. This is a contradiction, because {smαα : α < γ } is closed in G.
Now, by Claim 2, there exists an open neighborhood W of e such that clW ∩ clA= ∅.
Since clW ∩ Cγ is a compact set which is contained in the open subset G− clA, there
exists a finite F ′ ⊂ F such that clW ∩Cγ ⊂⋃F ′ ⊂G− clA. As in the proof of Claim 1,
there exists Fγ ∈ F ′ such that Fγ contains infinitely many hn, Fγ contains a point kγ in
Cγ − ({e} ∪ {hn: n ∈ ω}) and Fγ ∩ clA= ∅.
Thus, by induction, we get {Fα : α < ω1} ⊂ F such that every Fα contains infinitely
many hn, and these Fα are distinct from each other. However, since F is σ -HCP, it is easy
to see that for the compact set {e}∪{hn: n ∈ ω}, there exists only countably many elements
of F which contain infinitely many hn; see Lemma 2.3 in [6]. This is a contradiction. Thus
G is an ℵ-space. ✷
Corollary 3.3. If a topological group G is the closed image of an ℵ-space, then G is an
ℵ-space.
Proof. We note that every closed image of a space with a σ -HCP k-network has a σ -HCP
k-network in view of the proof of Proposition 1.8(3) in [18]. Therefore G has a σ -HCP
k-network. By the previous theorem, G is an ℵ-space. ✷
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